Abstract. Sediment mass conservation is a key factor that constrains river morphodynamic processes. In most models of river 14 morphodynamics, sediment mass conservation is described by the Exner equation, which may take various forms depending 15 on the problem in question. One of the most widely used forms of the Exner equation is the flux-based formulation, in which 16 the conservation of bed material is related to the streamwise gradient of the sediment transport rate. An alternative form of the 17 Exner equation, however, is the entrainment-based formulation, in which the conservation of bed material is related to the 18 difference between the entrainment rate of bed sediment into suspension and the deposition rate of suspended sediment onto 19 the bed. Here we represent the flux form in terms of the local capacity sediment transport rate, and the entrainment form in 20 terms of the local capacity entrainment rate. In the flux form, sediment transport is a function of local hydraulic conditions. 21
Introduction 38
Models of river morphodynamics often consist of three elements: (1) a treatment of flow hydraulics; (2) a formulation 39 relating sediment transport to flow hydraulics; and (3) a description of sediment conservation. In the case of unidirectional 40 river flow, the Exner equation of sediment conservation has usually been described in terms of a flux-based form in which 41 temporal bed elevation change is related to the streamwise gradient of the sediment transport rate. That is, bed elevation change 42 is related to qs/x, where qs is the total volumetric sediment transport rate per unit width and x is the streamwise coordinate 43 (Exner, 1920; Parker et al., 2004 ). This formulation is also referred to as the equilibrium formulation, since it considers 44 sediment transport to be at local equilibrium, i.e. qs equals its sediment transport capacity qse, as defined by the sediment 45 transport rate associated with local hydraulic conditions (e.g. bed shear stress, flow velocity, stream power, etc.), regardless of 46 the variation of flow conditions. Under this assumption, sediment transport relations developed under equilibrium flow 47 conditions (e.g., Meyer-Peter and Müller, 1948; Engelund and Hansen, 1967; Brownlie, 1981) can be incorporated directly in 48 such a formulation to calculate qs, which is related to one or more flow parameters such as bed shear stress. 49 An alternative formulation, however, is available in terms of an entrainment-based form of the Exner equation, in 50 which bed elevation variation is related to the difference between the entrainment rate of bed sediment into the flow and the 51 deposition rate of sediment on the bed (Parker, 2004) . The basic idea of the entrainment formulation can be traced back to 52 Einstein's (1937) pioneering work on bedload transport, and has been developed since then by numerous researchers so as to 53 treat either bedload or suspended load (Tsujimoto, 1978; Armanini and Di Silvio, 1988; Parker et al., 2000; Wu and Wang, 54 2008; Guan et al., 2015) . Such a formulation differs from the flux formulation in that the flux formulation is based on the local 55 capacity sediment transport rate whereas the entrainment formulation is based on the local capacity entrainment rate into 56 suspension. In the entrainment form, the difference between the local entrainment rate from the bed and the local deposition 57 rate onto the bed determines the rate of bed aggradation/degradation, and concomitantly the rate of loss/gain of sediment in 58 motion in the water column. Therefore, the sediment transport rate is no longer assumed to be in an equilibrium transport state, 59
but may exhibit lags in space and time after changing flow conditions. The entrainment formulation is also referred to as the 60 nonequilibrium formulation (Armanini and Di Silvio, 1988; Wu and Wang, 2008; Zhang et al., 2013) . 61
To describe the lag effects between sediment transport and flow conditions, the concept of an adaptation length/time 62 is widely applied. This length/time characterizes the distance/time for sediment transport to reach its equilibrium state (i.e., 63 transport capacity). Using the concept of the adaptation length, the entrainment form of the Exner equation can be recast into 64 a first-order "reaction" equation, in which the deformation term is related to the difference between the actual and equilibrium3 sediment transport rates, as mediated by an adaptation length (which can also be recast as an adaptation time) (Bell and been related to a wide range of parameters, including the sediment grain size (Armanini and Di Silvio, 1988) , the saltation step 72 length (Phillips and Sutherland, 1989 ), the dimensions of particle diffusivity (Bohorquez and Ancey, 2016) , the length of dunes 73 (Wu et al., 2004) , and the magnitude of a scour hole formed downstream of an inerodible reach (Bell and Sutherland, 1983) . 74
For simplicity, the adaptation length can also be specified as a calibration parameter in river morphodynamic models (El kadi 75
Abderrezzak and Paquier, 2009; Zhang and Duan, 2011) . Nonetheless, no comprehensive definition of adaptation length exists. 76
In this paper we apply the two forms of the Exner equation mentioned above to the Lower Yellow River (LYR) in 77
China. The LYR describes the river section between Tiexie and the river mouth, and has a total length of about 800 km. Figure  78 1(a) shows a sketch of the LYR along with 6 major gauging stations and the Xiaolangdi Dam, which is 26 km upstream of 79
Tiexie. The LYR has an exceptionally high sediment concentration (Ma et al., 2017) , historically exporting more than 1 Gt of 80 sediment per year with only 49 billion tons of water, leading to a sediment concentration an order of magnitude higher than 81 most other large lowland rivers worldwide (Milliman and Meade, 1983 ; Ma et al., 2017; Naito et al., accepted subject to 82 revision). However, the LYR has seen a substantial reduction in its sediment load in recent decades, especially since the 83 operation of Xiaolangdi Dam in 1999 ( Fig. 1(b) ), because most of its sediment load is derived from the Loess Plateau which 84 is upstream of the reservoir (Wang et al., 2016; Naito et al., accepted subject to revision). Finally, the bed surface material of 85 the LYR is very fine, ranging as low as 15 m. This is much finer than the conventional cutoff of washload (62. 
where qsi is volumetric sediment transport rate per unit width of the i-th grain size range ( taken to be equal to its equilibrium 162 value qsei in the flux formulation), Fi is the volumetric fraction of surface material in the i-th grain size range; fIi is volumetric 163 fraction of material in the i-th grain size range exchanged across the surface-substrate interface as the bed aggrades or degrades, 164
and La is the thickness of active layer. For bedform-dominated sand-bed rivers, La is often related to the height of dunes (Blom, 165 2008) so that the vertical sorting processes due to bedform migration can be considered. In this paper, a constant value of La 166 is implemented in the simulation. 167 Summing Eq. (5) over all grain size ranges, one can find that the governing equation for bed elevation in case of 168 sediment mixtures is the same as Eq. (4) upon replacing qs with qsT = qsi, where qsT denotes the total sediment transport rate 169 per unit width summed over all size ranges. Reducing Eq. (5) with Eq. (4) we get, 170
Therefore, in the flux formulation Eqs. (4) and (6) are implemented as governing equations for sediment mixtures, 172 with Eq. (4) describing the evolution of bed elevation and Eq. (6) describing the evolution of surface grain size distribution. 173
The exchange fractions fIi between the active layer and the substrate are calculated using the following closure relation, 174
That is, the substrate is transferred into the active layer during degradation, and a mixture of suspended load and active layer 176 material is transferred into substrate during aggradation. In Eq. (7),
is the volumetric fraction of substrate material just 177 beneath the interface, psi = qsi/qsT is the fraction of bed material load in the i-th grain size range, and α is a specified parameter 178 between 0 and 1 The formulation is adapted from Hoey and Ferguson (1994) and Toro-Escobar et al. (1996) , who originally 179 used it for bedload. In this paper, a value of 0.5 is specified for . discretize the spatial derivatives, and a first-order explicit scheme is implemented to discretize the temporal derivatives. 185
Entrainment form of the Exner equation 186
The entrainment-based Exner equation for uniform sediment is, 187
In Eq. (8), vs is the fall velocity of sediment particles; E is the dimensionless entrainment rate of sediment normalized by 189 sediment fall velocity; C is the depth-flux-averaged volume sediment concentration; and ro = cb/C is the recovery coefficient 190 of suspended load which denotes the ratio between the near-bed sediment concentration cb and the flux-averaged sediment 191 concentration C. By definition, r0 is related to the concentration profile of suspended load, and is expected to be no less than 192 unity in cases appropriate for a depth-averaged shallow-water treatment of flow and morphodynamics. Therefore, the first term 193 on the right hand side of Eq. (8) For the sediment fall velocity vs, we compare two widely used relations: the relation of Dietrich (1982) , and the 196 relation of Ferguson and Church (2004) . Results show that these two relations give almost the same fall velocity for bed 197 material load of the LYR, whose grain sizes typically fall in the range of 15 m to 500 m. Therefore, only the relation of9 Dietrich (1982) is implemented in our simulations in this paper. Readers can refer to Section S1 of the Supplement for more 199 details. 200
In the entrainment formulation the sediment transport rate qs is not necessarily in its equilibrium state, but the 201 dimensionless entrainment rate E is taken to be to be at capacity. The sediment transport rate qs is calculated according to the 202 following continuity relation, 203
For the dimensionless entrainment rate E, we assume that sediment transport reaches its equilibrium state (qs = qse) when the 205 sediment deposition rate and the sediment entrainment rate balance each other (r0C = E). Therefore, E can be back- 
The entrainment-form Exner equation for sediment mixtures also uses the active layer formulation described in 212 Section 2.2. Mass conservation of each grain size range can be written as, 213 
The governing equation for the sediment concentration of each grain size Ci can be written as, 221
and the sediment transport rate per unit width for the i-th size range qsi obeys the following continuity relation, 223
In the entrainment formulation, the closure relation for fIi is the same as that used in the flux formulation (i.e., Eq. 225 (7)), and the substrate stratigraphy is also stored and accessed using the method of Viparelli et al. (2010) . When discretizing 226 the entrainment form of the Exner equation, a first-order upwinded scheme is implemented for the spatial derivatives, and a 227 first-order explicit scheme is implemented for the temporal derivatives. 228
Sediment transport relation 229

Uniform sediment 230
To close the Exner equations described in Sections 2.2 and 2.3, equations for equilibrium sediment transport rate qse 231 (qsei) are still needed. For the simulations using uniform sediment, we implement the generalized Engelund-Hansen relation 232
proposed by Ma et al. (2017 where D is the characteristic grain size of the bed sediment (here approximated as uniform); b is bed shear stress; and R is 241 submerged specific gravity of sediment, defined as (ρs -ρ) / ρ, in which ρs is density of sediment, and ρ is density of water. 242
The sediment submerged specific gravity R is specified as 1.65 in this paper, which is an appropriate estimate for natural rivers, 243 and corresponds to quartz. 244
In the relation of Ma et al. (2017) , the dimensionless coefficient s = 0.9 and the dimensionless exponent ns = 1.68.
245
These values are quite different from the original relation of Engelund and Hansen (1967) , in which s = 0.05 and ns = 2.5. and all of the bed shear stress is used for sediment transport. 249
Sediment mixtures 250
We implement the relation of Naito et al. (accepted subject to revision) to calculate the equilibrium sediment transport 251 rate of size mixtures. Using field data from the LYR, Naito et al. (accepted subject to revision) extended the Engelund and 252
Hansen (1967) relation to a surface-based grain-size specific form, in which the suspended load transport rate of the i-th size 253 range is tied to the availability of this size range on the bed surface: 254
where Ni * is the dimensionless sediment transport rate in the i-th size range, and u is shear velocity calculated from the bed 256 shear stress b:
The transport relation itself takes the form, 259 introduced at the inlet of the channel with the flood intermittency factor If estimated as 0.14 (Naito et al., accepted subject to 288 revision). The downstream end is specified far from the river mouth to neglect the effects of backwater. Therefore, the bed 289 13 elevation is held constant and the water depth is specified as the normal flow depth at the downstream end of the calculational 290 domain. The above flow discharge per unit width qw combined with the bed slope S as well as the bed resistance coefficient Cf 291 leads to a normal flow depth of 3.69 m. In our simulation, we use the height of bedforms in the LYR to determine the thickness 292 of the active layer (Blom, 2008) . According to the field survey of Ma et al. (2017) , the characteristic height of bedforms in the 293 LYR is about 20% of the normal flow depth, which can fall in the range suggested by the data analysis of Bradley and Venditti 294 (2017) . This eventually leads to an estimate of active layer thickness of La = 0.738 m. The sublayer in the substrate to store the 295 vertical stratigraphy is specified with a thickness of 0.5 m. 296
Two cases are considered here. In the first case, the sediment grain size distribution of LYR is simplified to a uniform 297 grain size of 65 m. This is based on the measured grain size distribution of bed material at the Lijin gauging station, which 298 has a median grain size of D50 = 66.6 m, a geometric mean grain size of Dg = 65.5 m, and a geometric standard deviation 299 g = 2.0, as shown in Fig. 1(c) . In the second case, we consider the effects of sediment mixtures. The grain size distribution of 300 the initial bed is based on the bed material at the Lijin gauging station, as shown in Fig. 1(c) , but we renormalize the measured 301 grain size distribution with a cutoff for washload at 15 m as suggested by Ma et al. (2017) . The renormalized grain size 302 distribution for the initial bed as implemented in the case of sediment mixtures is shown in Fig. 2 , with a total number of grain 303 size fractions of 5. In both the two cases, simulations start with an equilibrium state where sediment supply rate, sediment 304 transport rate, and equilibrium sediment transport rate being the same, so that the initial state of the channel is in equilibrium. 305
Then we cut the sediment supply rate (of each size range) to only 10% of the equilibrium sediment transport rate and keep this 306 sediment supply rate. This is to mimic the reduction of sediment load in the LYR in recent years, as shown in Fig. 1(b) . The 307 grain size distribution of sediment supply in the case of sediment mixtures is shown in Fig. 2 . 308
The 200 km channel reach is discretized into 401 cells, with cell size x of 500 m. In the case of uniform sediment, 309 we specify a time step for morphologic calculation tm = 10 -4 year and a time step for hydraulic calculation th = 10 -6 year. In 310 the case of sediment mixtures, we specify a time step for morphologic calculation tm = 10 -5 year, and a time step for hydraulic 311 calculation th = 10 -6 year. Computational conditions are briefly summarized in Table 1 
Case of uniform sediment 324
In this case, we implement a uniform grain size of 65 m for both the bed material and sediment supply. Such a grain 325 size is nearly equal to the observed median grain size (or geometric mean grain size) of bed material at Lijin gauging station. (Fig. 1(b) ). The sediment supply rate qsf we specify at the upstream 332 end of the channel is only 10% of the equilibrium sediment transport rate (i.e. sediment supply rate is cut by 90% from the 333 equilibrium state), such that qsf = 0.00136 m 2 /s. 334 
(zb)
3.7 % 3.9 % 3.9 % 3.9 % 3.8 % The above results show that the flux form and the entrainment form can provide similar predictions of LYR when the 374 bed sediment grain size distribution is simplified to a uniform value of 65 m. To understand under what conditions the two 375 forms will lead to more different results, we conduct an idealized run using the entrainment form in which the sediment fall 376 velocity vs is arbitrarily multiplied by a factor of 0.05. That is to say, we keep the sediment grain size at 65 m in the 377 computation of the Shields number, but let the sediment fall velocity in Eqs. in correspondence with the fact that the spatial gradient of qs becomes quite small. In Table 2 we also exhibit the  values for 19 this idealized run. It is no surprise that both (zb) and (qs) are high, as the entrainment form and flux form predict very different 
(qs)
20.5
Case of sediment mixtures 395
In this section we consider the morphodynamics of sediment mixtures rather than the case of a uniform bed grain size 396 implemented in section 3.1. The grain size distribution of the initial bed is based on field data at the Lijin gauging station, and 397 is shown in Fig. 2 (Fig. 1(b) ). The sediment supply rate of each grain size range is 403 set at 10% of its equilibrium sediment transport rate. This results in a total sediment supply rate of qsf = 0.00272 m 2 /s, and a 404 grain size distribution of the sediment supply (shown in Fig. 2 ) that is identical to the grain size distribution of the equilibrium 405 sediment load before the cutoff. That is, the grain size distribution of sediment supply does not change, only the total sediment 406 supply is reduced by 90%. Again we exhibit simulation results for only 0.2 year here, a value that is enough to show the 407 differences between the two forms, flux and entrainment, as applied to mixtures. Modeling results over a longer time scale are 408 presented in Section 4.3. 409 22 elevation is not affected much when multiple grain sizes are considered, with (zb) being no more than 3.5% within 0.2 year.
436
The  values of qsT, Dsg, and Dlg are, however, relatively large since the two forms predict quite different patterns of variations, The results shown in Fig. 8 have also been calculated using the entrainment form of the Exner equation, but here the 448 sediment fall velocities vsi used in Eqs. (14)- (16) 
Adjustment of sediment load and the adaptation length 482
In Section 3.1, our simulation shows that in the case of uniform sediment, the flux form and the entrainment form of 483 the Exner equation give very similar predictions for a given sediment size of 65 m. However, if we arbitrarily reduce the 484 sediment fall velocity by a multiplicative factor of 0.05, the prediction given by the entrainment form will become much more 485 diffusive, in terms of both zb and qs. The diffusive nature of the entrainment form as well as the important role played by the 486 sediment fall velocity can be explained in terms of the governing equation. 487
In the entrainment form, the equation governing suspended sediment concentration is, 488 ) 489 i.e. the same as Eq. (11). The sediment transport rate per unit width qs = huC = qwC, and the dimensionless entrainment rate 490 E= r0qse/qw. In order to simplify the mathematical analysis, here we consider only the adjustment of sediment concentration in 491 space and neglect the temporal derivative in Eq. (29), so that we get 492 
Lad is the key parameter that controls the distance for qs to approach the equilibrium sediment transport rate qse. More 505 specifically, qs attains 1 -1/e (i.e. 63.2%) of its adjustment from qsf to qse over a distance Lad. Therefore, the larger the adaptation 506 length, the slower qs adjusts in space, so that the more evident lag effects and diffusivity are exhibited in the entrainment form. 507
In the flux form, however, the sediment load responds simultaneously with the flow conditions, so that Lad = 0 and qs = qse 508 along the entire channel reach. 509
For the case of uniform sediment in Section 3.1, qw = 6.67 m 2 /s and ro is specified as unity. Therefore, the value of 510
Lad is determined only by the sediment fall velocity vs. Figure 9 shows the value of the adaptation length Lad for various 511 sediment grain sizes, with the sediment fall velocity vs calculated by the relation of Dietrich (1982) . The evolution of bed elevation zb can also be affected by the value of Lad. For example in the case of uniform sediment 523 in Section 3.1, the flux form corresponds to an adaption length of zero. As a result, the flux form yields a spatial derivative of 524 qs near the upstream end that is relatively large, thus leading to fast degradation from the upstream end. In the case of the 525 entrainment form, however, the spatial derivative of qs is small with a large Lad, thus leading to a slower and more diffusive 526 bed degradation. This is especially evident when we arbitrarily reduce the sediment fall velocity by a factor of 0.05, while 527 keeping grain size invariant. 528
The above analysis also holds for sediment mixtures, except that each grain size range will have its own adaptation 529 length. Here we neglect the temporal derivative in Eq. (29) 
Equation (36) can be written in the form of a kinematic wave equation with source terms as below, 544
where cFi is the i-th celerity of kinematic wave and SFi denotes source terms. Since the surface geometric mean grain size Dsg, 548 the total sediment load per unit width qsT (which equals the equilibrium sediment transport rate qseT), and the geometric mean 549 grain size of sediment load Dlg are all closely related to the surface grain size fractions Fi, the evolution of these three 550 parameters shows marked advective behavior when simulated by the flux form of the Exner equation. However, the evolution 551 of bed elevation zb is related to qsT/x, which is dominated by diffusion if qsT is predominantly slope-dependent (as is the 
then qsi can be solved iteratively. With an initial guess of qsi = qsei and neglecting the temporal derivatives, we obtain the second 563 order solution of qsi as, 564 
Expanding out the last two terms in Eq. (44) using the chain rule, after some work the relation for the conservation of bed 569 material can be expressed as, 570
where cEi is the celerity of kinematic wave, i is the diffusivity coefficient, and SEi denote source terms. where Ladi is the adaptation length for the i-th size range as defined by Eq. (31). More specifically, the value of rci depends on 589 qri/x. For our numerical simulation in Section 3.2, qri/x > 0 as a result of bed degradation progressing from the upstream 590 end, thus leading to a positive value of rci and an entrainment celerity cEi that is smaller than the corresponding flux celerity 591
cFi. This is consistent with our numerical results: the kinematic waves in Fig. 8 predicted by the entrainment form are somewhat 592 smaller than the kinematic waves in Fig. 6 predicted by the flux form. 593
Modeling implications and limitations 594
In Section 3, two numerical cases are conducted to compare the flux form and the entrainment form of the Exner 595 equation, but only within 0.2 year after the cutoff of sediment supply. Here we run both numerical cases for a longer time (5 596 years). Table 4 shows the results of the case of uniform sediment (as described in Section 3.1) within 5 years, and Table 5  597 shows the results of the case of sediment mixtures (as described in Section 3.2) within 5 years. For both cases, the  values, 598 corresponding to relative deviation between the flux and entrainment forms, become quite small after 1 year, thus validating 599 our assumption that the predictions of the two forms tend to be most evident shortly after disruption, but gradually diminish 600 over a longer time scale. Moreover, if the water and sediment supply are kept constant for a sufficiently long time, the flux 601 form and entrainment form of Exner equation predict exactly the same equilibrium, in terms of both the channel slope and the 602 bed surface texture. Under such conditions, the sediment transport rate (of each size range) equals to the equilibrium sediment 603 transport rate (of each size range), and also equals to the sediment supply rate (of each size range). 604 Table 4 . Quantification of the difference between predictions of the flux form and the entrainment form in the case of uniform 605 sediment. The maximum  in the calculational domain are presented for each of 5 years. Based on the numerical modeling and mathematical analysis in this paper, we suggest that the entrainment form of 611 the Exner equation be used when studying the river morphodynamics of fine-grained sediment (or more specifically sediment 612 with small fall velocity). This is because the adaptation length La and the diffusivity coefficient i are large for fine sediment, For the two simulation cases in this paper, the volume sediment concentration C drops from about 2  10 -3 to about 2  10 -4 in 631 the case of uniform sediment, and from about 4  10 -3 to about 4  10 -4 in the case of sediment mixtures, due to the cutoff of 632 sediment supply at the upstream end. These dilute concentrations validate our implementation of mass and momentum 633 conservation equations for clear water. Our assumption is not necessarily correct for the entire Yellow River. Upstream of our 634 study reach, and especially upstream of Sanmenxia Dam, the flow is often hyperconcentrated (Xu, 1999) . 635
